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1. Let ~1, . . . . en be positive real numbers. 
In part I of this paper we shall be concerned with the number 
fln(x;@l, *.., en) of n-tuples (kl, Ez, . . . , I%,) of non-negative integers kl, . . . , k, 
such that lelel+ leqa + . . . +le,e,<x. Geometrically it is the number of 
lattice-points in an n-dimensional tetrahedron. For the case n = 2, HARDY 
and LITTLEWOOD [l] showed in 1922 that 
J72@; @l, @Z) = x+0(x), ifE$Q. 
The error term o(x) cannot be improved in general. The greater part of 
their paper is spent on better estimates for the error term, if more infor- 
mation on el/ez is available. For n > 2 estimates for N,(x; ~1, . ~. , en) were 
given by D. H. Lehmer and D. C. Spencer. LEHMER [3] gave polynomial 
upper and lower bounds. SPENCER [6] proved that N,(x; ~1, . . . . en) can be 
written as the sum of an n-th degree polynomial in x and an error term 
T(x) =0(x%-l), if ef/ej is irrational for some i and j. This result, together 
with some inaeresting refinements, are proved by complex function theo- 
retical methods. In this paper we prove t.he same result by more ele- 
mentary methods. Our principle is based on induction on n, as is illustrated 
by the following theorem. 
THEOREM 1. Let @I,..., en, 9 > 0 be real numbers. 
Suppose it is known that for some m <n and some al, . . . , a% 
Then 
NT&(x; @l, . . . . @z)= 2 a~xk+o(xm),x+co. 
k=l 
Nn+l@;el, .*.,en,e)= 5 
k=l 
where Bk(x) denotes the k-th degree Bernoulli-polynomial defined by 
&(x+1)-&(X)=k xk-1 and Bk(O) = Bk., the le-th Bernoulli-number. As a 
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consequence of the Hardy-Littlewood results we immediately obtain 
X% 
N&;&g, .a*, en) = --- n! @I... & 
+ ' 
(1) 
1 
+ 2(%-l)! 
e1+ -** +en 
, 
-x+1+0(x”-1) if E$ Q. 
@ . . . @fi 
In part II we consider the number V,(x; PI, . . . . en) of real numbers <x 
which can be represented as kiei + . . . + k,~, with kr, . . . , k, non-negative 
integers. It is obvious that V,(x; ~1, . . . . en) <N,(x; ~1, . . . . en) and that 
equality holds, if ~1, . . ., en are linearly independent over the rationals. 
Let m be the dimension of the set of integer vectors (ICI, . .., Icn) such that 
lcrei + . . . + lc,e, = 0. Then we prove 
THEOREM 2. There exists a real number ac> 0 such that 
T&x; el, -.., en) = &v-m + O(xn-m-1). 
It is easy to translate the above mentioned results into multiplicative 
statements. For example, let pi, . . ., p,n be real numbers with 
p,1>1, . . ..pm>l. 
Then VVn(log x; log ~1, . .., log 13%) is precisely the number of numbers G x 
which can be written as a product of pl, . . ., pn. 
Finally, I would like to thank Dr. R. Tijdeman and Dr. A. J. van der 
Poorten for their assistance during the preparation of this paper. 
PART I 
2. In the derivation of theorem 1 we use the formula 
(2) 
we1 
Nfh+l(z; el, . . . , en,e)= kzo Ndx-ke;ei, . . ..ed 
which is quite obvious, since N,+i(x; pi, . . . . en, e) is the number of so- 
lutions of the inequality Eiei +, . . +k,e,+ Ice <x, which is equal to the 
total number of solutions of the inequalities klei + . . . + k,e, G x - Ice, with 
k=O, . ..) [x/e]. (By [y] we denote the 
In 3. we show: 
THEOREM 3. Let P(x): = En0 akxk 
Then 
largest integer not exceeding y). 
be a polynomial, and e> 0 real. 
3 akpk 
k-0 
Bk$x’~~+ ‘) - :$I F(x-ke) is bounded for all x. 
Combining theorem 3 and formula (2), we prove theorem 1 in section 4. 
Finally we shall prove formula (1) as a consequence of theorem 1 and the 
Hardy-Littlewood result. 
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3. We first introduce the so-called Bernoulli-polynomials. 
LEMMA 1. For every le E N there is one and only one polynomial By, 
such that Blc(x+ l)-Bk(~)=kxk-1 for all x and Bk(O)= Bk (Bk is the k-th 
Bernoulli-number). Furthermore 
Bk=xk-&h-l+ . . . 
Proof. See NGRLUND [5, pp 17-191. 
Proof of theorem 3. It is sufficient to prove the assertion for the 
monomial F(x) = xn. In virtue of Lemma 1 we have: 
(; -k)n = &@+I(; --k+l) -B,,,(; 4)). 
Then 
We1 We1 
k;. (x-h?P=e” kzo (x/e-l%p 
=en 2: &(Bn+l(f -“I’) -B,+l(t-k)) 
=~~&(Dn+l(; +I) -&+I(; - [;I)). 
Since 0 <x/e - [x/e] < 1, &+1(x/~ - [x/e]) is bounded, as required. 
4. Proof of theorem 1. We are given, that 
Nn(x; @I, .. . . en)= E al, Xk + T(x), with T(x) = o(xm). 
k=l 
Applying formula (2), we obtain: 
lx/e1 n Ix/e1 
= pz k~ab(x-r@)k+ vz T(x-r@). 
According to theorem 3 we have 
Rence it suffices to prove that 2 T(x-YQ)=o(x~+~), x -+ co. 
Let E> 0. Since T(x) =0(x”), there exists a number M such that 
jT(x)/xm] <E for x> M. Take x> M and split the summation 2 T(x-r~) 
in two sums 2’ and z”, extended over values of r such that M <x--q <x 
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and 0 <x- r~ G M respectively. The number of terms in the second sum- 
mation is at most M/Q + 1. Since T(x) is bounded on [0, M], the absolute 
value of z”/~m+l is smaller than E for sufficiently large x. Since jT(x)/zml < E 
for x> M we can estimate z/xm+l as follows : 
Combining the estimates of 2:’ and y we obtain 
for sufficiently large x. 
Hence 
as required. 
2 57(X--r@) =o(xm+l), 
2=0 
Proof of formula (1). This proof is based on induction on n. For 
n= 2 formula (1) is exactly the Hardy-Littlewood result. Suppose n > 2, 
and assume formula (1) is proved for the case n- 1, i.e. 
Nn-1(X; @I, -..,en-i)= 
%n-1 Xn-2 . . . +en-1 
(n-l)!ei . . . en-i + 2(n-2)! eleI... en-1 +o(x”-2)* 
Put e=en, and apply theorem 1 to this formula 
n-1 
N&x; el, . . . . en) = (n-l)Yil . . . en-1 ii It en 
b x+1 + 
( > 
n-2 
+ en el+... +en-1 
2(n-2)! el . . . en-1 
--& s&-1(; + 1) +o(xn-1). 
Using lemma 1, which states that &(x) =x%- (n/2)x+1 +- . . ., we find by 
straightforward calculation : 
Nn(X; Qi,. . . .etd = xn 1 + el+ . . . +Qn n !el . . . en 2(n- l)! el . . . en x-1 + 0(x-l). 
PART II 
5. In this section we give a few definitions and lemmas dealing with 
convex polytopes and lattices. These will be applied in 6. in order to 
prove theorem 2. 
DEFINITION. Let vi, va, . . ., vn E Rk be n linearly independent vectors. 
1) The n-dimensional lattice L(vl, . . . , vn) is the collection of vectors of 
the shape v=mlvl+m2vz+...+mnvn, where ml, . . . . mn E Z. 
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2) The n-dimensional eel C(vi, . .., v,) is the collection of vectors 
v=ollvl+D12v2+... +QV~ with O<olj<l for j=l, . . . . n. 
REMARK. If we write L(vi, . . . . v,) or C(vi, . . . . v,) it is implicitly as- 
sumed, that vi, VZ, . . . . viz are linearly independent. 
DEFINITION. Let l’ C R” be an (a- 1)-dimensional hyperplane. This 
hyperplane separates R” into two parts. Such a part united with V, 
will be called a halfspace in R”. A polytope P in R” is the intersection 
of a finite number of halfspaces in R”, such that P is compact and contains 
at least one interior point. 
Let D C R”, p E R” and t E R, t > 0. Then we denote by (t, p)D the 
collection {x/x=p+t(y-p), y ED}. 
LEMMA 2. Let P be a polytope in R*. Assign to every t > 0 a point 
pt E R”. Let L=zl(vr, . . . . v,) be a lattice, and N(t) the number of lattice 
points in (t, pt)P. Denote by C the eel C(V~, . . . . v,) and by Vol (V) the 
n-dimensional volume of V C R”. Then 
Vol (P) 
N(t) = m t” + O(W), 
where the constant in O(tn-1) does not depend on the choioe of the 
function pt. 
Proof. This proof is a simplification of a more general proof given by: 
LANG [2, pp 128-1291. Let C(a) d enote the collection ol+C, where 01 is 
any element of L. Abbreviate (t, pt)P by tP. If 01 EL n tP, then C(a) 
either intersects the boundary of tP, or it lies in the interior of tP. Let 
N(t) =number of 01 E L such that 01: E tP 
m(t) =number of 01 E L such that C(K) C interior of tP 
b(t) =number of a E L such that C’(a) intersects the boundary of tP. 
Then 
hence 
m(t) Vol (G) < Vol (tP) Q (m(t) + b(t)) Vol (C), 
m(t) <Vol (tP)/Vol (c)<m(t) +@t). 
Observe that Vol (tP) = tn Vol (P). 
Since m(t) <N(t) gm(t)+b(t) it suffices to estimate b(t). Since P is a 
polytope, we can write BP= lJ~=, Ki, where each Ki lies in an (n- l)- 
dimensional hyperplane. Each Kf can be covered by an (n- l)-dim. disk 
Di, hence bP C lJ:=, Og. Let D be an arbitrary (n- l)-dim. disk. If C(a) 
intersects with D, then LY must lie within a certain distance d = diam (C(a)) = 
=diam (C) from D. Let e be the radius of D. Then oc is contained in a 
cylinder with radius Q +d and height 2d. There exists a number 6 such 
that the spheres with centre 01 E L and radius 6 do not intersect. Hence 
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the number of lattice points in the cylinder is bounded by 
(2@ + 24+12d/(d/n)“. 
This implies that the number of eels G(ol) intersecting with D is bounded 
by c@-1, in which c is determined by the lattice L. From U’ C WI=, Da 
it follows o(tP) C US=, tDf. Hence the number b(t) is bounded by 
c(eln-ltn-l -I- . . . + @-ltn-1) ; w ere h Q ( is the radius of Di for i=l, . . . . r; i.e. 
b(t) is bounded by c’tn-1, in which c’ is determined by P and L, as asserted. 
LEMMA 3. Let T be a discrete subgroup in R”, with vectorial addition 
as group operation. Then T is a lattice of dimension Ken. 
Proof. See LEKKERKERKER [4, p. 181. 
DEFINITION. Let L1, Lz C R” be two linear subspaces, such that 
dim LI+ dim Lz = n and LI n Lz = {O}. The projection along Lz on LI is 
the linear map A : R” -+ R” such that A(y) =0 if y E Lz and A(z)=z if 
ZEL1. 
LEMMA 4. Put T = L(el, . . . . en). Let L(vI, . . . . v,) C T be a lattice in 
R”(m<n), and Lz the subspace spanned by vi, . . ., vm. Let L1 C R’ be 
an (n-m)-dim. subspace such that LI n La= (0). Let A be the projection 
along Lz on LI. Then A(T) is an (n-m)-dimensional lattice. 
Proof. Without loss of generality we may assume that 
Vl, -*a, Vrn, ema . , . , en 
is a basis of R”. It is sufficient to prove the lemma for the case in which 
LI is the subspace spanned by em+i, . . ., em. The general case can be ob- 
tained by performing a linear one-to-one map from this special LI, onto 
the required (n-m)-dim. subspace L1. 
Denote {x)=x- [xl. To prove the assertion, notice that if 
and 
x=a1v1+ . . . + &rnVm + ~m+iem+l + . . . + ken 
y = (@l)Vl + . . . + {am}Vm + am+lem+l + . . . + ~7&2, 
then A(x) =.4(y) and x E T if and only if y E T. This implies, that A(T) 
is precisely the image under A of the collection 
{XIX E T, x E pm+lem+l + . -. -t-/Len + Q, /A E Z}, 
in which C is the ccl C(vi, . .., vm, em+l, . . . . en). The collection C however, 
contains only a finite number of points E T, hence A(T) is discrete. It is 
371 
obvious, that A(T) is a group, so by Lemma 3, we see that A(T) is a 
lattice. 
6. Proof of theorem 2. Write T = L(el, . . . . e,), in which el, . . . . e, are 
the unit vectors in R”. Let K be the set of integer vectors (ICI, . . ., km) 
such that kl~l+ . . . +lcnen = 0. Since K C T, K is discrete. One easily 
observes Chat K is a group, hence by lemma 3 it follows that K is a lattice, 
of dimension m, say. Two points m, n E T will be called equivalent mod K 
if m-n E K. Let P, be the polytope defined by 
P,={y/y=ollel+...+ane,, ol~t-;...+a~~~~x, ~20, i=l, . . . . n} 
and notice that P,= (x, O)Pl. Observe that V,(x; ~1, . . . . en) is precisely 
the number of equivalence classes of T mod K, which have a representant 
in Pz. Let L’ C R” be the subspace spanned by t,he vectors of K and 
let L C R” be an (n- m)-dim. subspace, such that L’ n L= (0). Define 
A : R” -+ R” as tihe projection along L’ on L. Let m, n E T; we see that 
A(m) = A(n) if and only if m, n are equivalent mod K, hence V,(x; el, . . ., en) 
is equal to the number of points in the collection A(P, n T). Put 
K= :L(vI, . . . . v,) and define r = &am C, with C= C(vl, . . ., v,). Define 
Ps-={yIy=Ollel+...+olnen, ollel+...+oLnen~x-nr(el+...+en), ai>r, 
i=l 3 e.0, 4 
and notice 
P,-=r(el + . . . +en)+(x-(n+l)r(el+...+en), WI. 
If we replace (n+ l&l+ . . . +en) by cl, then P,-=(x-d, ps)Px for a 
certain point p$. P,- is construcked in such a manner, that it satisfies 
the following condition for x> d: If y E P,-, then the sphere with radius 
r and centre y is contained in P,. Suppose y E A(P,-) n A(T), then there 
are points zl E P,- and z2 E T, such that y = A(zl) = A(zz), hence zl- z2 E L’. 
There must be at least one lattice point z3 E K, such that /z3 - (21 - zz)/ <r 
and hence j(zs + ~2) -zll 6~. Since z1 E Pz- the latter inequality implies 
z3 + z2 E Pz and since z3 +zz E T, we see y= A(z3 + z2) E A(P, n T), hence 
A(P,-) n A(T) C A(P, n T). 
It is obvious, that 
A(P, n T) CA(&) n A(T), 
so we obtain: 
(3) A(P,-) n A(T) C A(P, n T) C A(P,) n A(T). 
By lemma 4 A(T) is an (n-m)-dim. lattice. Moreover A(P,)=(x, O)A(Pl) 
and A(P,-)=(x-d, q$)A(P ) h 1 w ere qs= A(pz). It can be shown by ele- 
mentary arguments, that A(P1) is an (n-m)-dim. polytope. Hence the 
inclusions (3) together with lemma 2 imply: 
a(x-d)n-m+O(xn-m-l) < V,(X; el, . . . . en)<axn-m+O(xn-m-l). 
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